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Full-State Feedback Linearization 


The system x = f(x) + 9(x)u, x € IR", u € R, is (full state) feedback 
linearizable if a function h : IR” +> R exists such that the relative 
degree from u to y = h(x) is n. 


Since r = n, the normal form in Lecture 19 has no zero dynamics and 


C1 h(x) 

C2 Lrh(x) 
xo} f= 

co | | etna) 


is a diffeomorphism that transforms the system to the form: 


a= & 
Ge. mgs 
Gn = Leh(x) +Lg ht th(x)u. 


Then, the feedback linearizing controller 


1 
a L L"-1h 
sf 


Ge) ( Lith(x) + ), 0= —kyo4 eS: kn Cn, 


yields the closed-loop system: 


0 1 0 
0 0 1 
€=AZ where A= 
1 
—k, —-ky —kg —ky 
Example: ty = eet 2x7 
Xo = XxX3+U 
x3 = X,—-X3 


The choice y = x3 gives relative degree r = n = 3. 
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Let €; = x3, 02 = X3 = x1 —X3, C3 = %3 = %1 —X3 = XQ + 2x7 — xy +43. 


a = b 
o = %& 
fg = (44 -1)(+2x7)4y4u 


Feedback linearizing controller: 


u = —(4xq — 1)(x2 + 2x7) — xy — Sa — kolo — kes. 


Summary so far: 


I/O Linearization: ¢ suitable for tracking 
* output y is an intrinsic physical variable 
Full state linearization: ° set point stabilization 
* output is not intrinsic, selected to enable 
a linearizing change of variables. 


Remaining question: 


¢ When is a system feedback linearizable, i.e., how do we know 
whether a relative degree r = n output exists? 


Basic Definitions from Differential Geometry 


Definition: The Lie bracket of two vector fields f and g is a new vec- 
tor field defined as: 


if sl(x) = 8 p(x) - Lox), 


Note: 


1 [f,3] = —ls,f), 
a. [FF] 0; 
3. If f,g are constant then [f,g] = 0. 


Notation for repeated applications: 
LF sll=adig, [fF [f [sll] =ad}s, 
ad? g(x) 2 g(x), adkg 4 [fadi 1g] k=1,2,3,... 


Definition: Given vector fields f,,..., f;, a distribution A is defined as 
A(x) = span{fi(x),..-,fx(x)}- 


f € A means that there exist scalar functions a;(x) such that 


f(x) = a(x) f(x) + +++ + og (x) fie(x). 


EE C222/ME C237 - SPRING’18 - LECTURE 20 NOTES 


Definition: A is said to be nonsingular if f;(x),..., f(x) are linearly 
independent for all x. 


Definition: A is said to be involutive if 
gi EA, g2 EA = [81,22] EA 
that is, A is closed under the Lie bracket operation. 
Proposition: A = span{ fi,..., f,} is involutive if and only if 
li lea-Laigek 


Example 1: A = span{fi,...,f~} where f1,...,f; are constant vec- 
tors 


Example 2: a single vector field f(x) is involutive since [f, f] = 0 € 
A 


Definition: A nonsingular k-dimensional distribution 


A(x) = span{fi(x),.../felx)} xR" 


is said to be completely integrable if there exist n — k functions 


$1(X),- ++ Pn—K(*) 


such that 


0g; = a 
5, Fi(*) 0 i=1,....n—k, j=1,...,k 


and d®;(x) := = i=1,...,n—k, are linearly independent. 


Example 3: If f,,...,f% are linearly independent constant vectors, 
then we can find n — k independent row vectors T1,...,T;,_, st. 


Dl iiectgl =. 
Therefore, A = span{ f;,..., f;} is completely integrable and 


gi(x) =Tjx, i=1,...,.n—k. 


Frobenius Theorem: A nonsingular distribution is completely inte- 


grable if and only if it is involutive. 
Example 3 above is a special case since A is involutive by Example 1. 
Back to (Full State) Feedback Linearization 


Recall: * = f(x) + ¢(x)u, x € IR", u € R is feedback linearizable if we 
can find an output y = h(x) such that relative degree r = n. 


3 
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How do we determine if a relative degree r = n output exists? 


Lah(t) = LgLph(x) Sos LoL ?h(x) =Oinanbhdof x9 (1) 
LL 'h(xo) #0. (2) 
Proposition:? (1)-(2) are equivalent to: 2 follows from (5) below with j = 0 
Leh(x) = Lad, gh(x) Ses Laat2gh(x) =Qinanbhdofx) (3) 
Lartgh(xo) #0. (4) 


The advantage of (3) over (1) is that it has the form: 


Mt a(x) Ade e(5) ens ad; *g(x)] = 0 


which is amenable to the Frobenius Theorem. 


Theorem: x = f(x) + (x)u is feedback linearizable around xo if and 
only if the following two conditions hold: 


C1) [g(xo) adyg(xo) --- ad? "g(xo)] has rank n 

C2) A(x) = span{g(x),ad, 9(x),. .,ade? g(x) } is involutive in a 
neighborhood of x9. 

Proof: (if) Given C1 and C2 show that there exists h(x) satisfying 


(3)-(4). 


A(x) is nonsingular by C1 and involutive by C2. Thus, by the Frobe- 
nius Theorem, there exists h(x) satisfying (3) and dh(x) 4 0. 


To prove (4) suppose, to the contrary, L, 4n-14(xo) = 0. This implies 
f 
dh(xo)[g(xo) adyg(xo) ... ad’ *g(xo)] = 0. 
— A 
nonsingular by C1 


Thus dh(xo) = 0, a contradiction. 


(only if) Given that y = h(x) withr = n exists, that is (3)-(4) hold, 
show that C1 and C2 are true. 


We will use the following fact? which holds when r = n: 3 see, e.g., Khalil, Lemma C.8 
; 0 ifitj<n-2 
Lagi obi:h(x) = er ae (5) 
fs. (-1)" 7 Lg Li h(x) #40 ifit+j=n-1. 
Define the matrix 
dh 
dL rh 
M=|  / |[g -adpg adtg ... (-1)ad™g] © 


n-1 
dL h 
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and note that the (k, 2) entry is: 


j e(x)(-1) tad * g(x) 


= (—1) TL gaint gbip 1H(). 


My = dL 


Then, from (5): 0 O + x 
0 L+k<n 0 a 
My = : 
#0 €+k=n+1. : ae 
Since the diagonal entries are nonzero, M has rank n and thus the Koes tee oe 
factor 
g —adyg ad? g ..  (-1)"71 ad; "g 


in (6) must have rank n as well. Thus C1 follows. 


This also implies A(x) is nonsingular; thus, by the Frobenius Thm, 
complete integrability = involutivity. 


A(x) is completely integrable since h(x) satisfying (3) exists by as- 


sumption; thus, we conclude involutivity (C2). 


Example: i = to Dee 
Xp = XxX3+U 
x3 = xX-—X%3 


Feedback linearizability was shown on page 1 by inspection: y = x3 
gives relative degree = 3. Verify with the theorem above: 


f(x) = | | g(x) = Lo | 


—1 4x1 
Lf gl(x) =|] 0 Lf Lf g]|(x) = 
0 1 
Conditions of the theorem: 
0 —1 4x1 
1. 1 O 0 full rank 
0 O 1 
—1 
2. A=span 1]/,] 0 involutive 
0 
7 os 
ax 1 0 | satisfied by h(x) = x3. 
0 O 


